
MAT 137 Calculus II

PHASE PLANE ANALYSIS
You may work in a group of two or three on this activity. If you do this, please submit a single paper for

your group with names of all participants.
Your report should be written using complete sentences, supplemented by labeled slope fields. Results

should be expressed in context. The report will be graded on the basis of content (25 points), and expression
and presentation (5 points).

The project will use a slope field application such as the applet JOde (link on the section web site) and
analysis of differential equations.

You should plan to complete the project outside of class using your own computer or a university facility.

1. In his studies of yeast growth, G. F. Gause performed experiments on a competing pair of yeasts. Let
x represent the size of the first population (the “X” yeast) and y represent the size of the second
population (the “Y ” yeast). Gause first studied the two yeasts separately to determine how each
would grow outside the presence of the other and then considered how much space each yeast took up
to model the interaction effects. His experiments and analysis led to the system of equations:

dx

dt
= 0.2x
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)

dy
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6

)

(a) Determine analytically how each yeast grows in the absence of the other - that is, how does yeast
X grow when y = 0 and separately, how does yeast Y grow when x = 0? Be complete and precise
in your analysis and description. Include any specific numerical values related to the growth rate
and include a graph of x versus t and separately y versus t to demonstrate the nature of the
growth. You can obtain these graphs by using the JOde slope field for y′ = f(x, y) (the first
applet on the JOde home page), or you can plot the formal solutions we developed in class using
a graphing applications such as GraphCalc.

(b) Describe the nature of the interaction (predator-prey, competition or symbiosis).

(c) Find all equilibrium solutions analytically.

(d) Gause’s data for the first 53 hours of the experiment are reported below.
Time (hrs) 6 16 24 29 48 53

x 0.375 3.99 4.69 6.25 7.27 8.30
y 0.29 0.98 1.47 1.46 1.71 1.84

Note that the two yeast populations both start small, with x about 25% larger than y, but after
53 hours x is more than 4 times larger than y. Based just on this data, what would you guess
would happen in the future? (this is just a guess at this stage, but what does it look like the two
populations are doing?)

(e) Using the JOde Direction Field applet for a system of differential equations (the second
applet on the JOde homepage), enter the system of equations above, and set the initial value
equal to x = 0.375, y = 0.29. We will take these as the initial values for the use of the slope fields,
and keep in mind that the actual time in the experiment is 6 hours later. Look at the direction
field and the solution trajectories for 0 ≤ t ≤ 23 (actual time: 6 ≤ t ≤ 29). Change the viewing
window appropriately, and the step size to a smaller value like 0.05. Describe the trajectory in
terms of the interacting population growth, and include a plot with the report. You can change
the title of the plot using the edit menu of the applet. Does the plot have the same general trend
as the actual data, even if not the exact values?



(f) Now let the time increase to see how the trajectory continues in time. You may want to let the
time go as long as 250 hours or so, but do this in stages starting with 50 hours, etc., to see how
it progresses. What is the final result of the system? What does this mean practically in the
context of the interacting species X and Y of yeast?

(g) Are any of the equilibrium solutions stable?

2. Consider the system where x and y represent sizes of two populations.

dx

dt
= 2xy − 3x

dy

dt
= xy − 2y

(a) What is the nature of the interaction of the populations (predator-prey, competition, symbiosis)?
Explain. As in item # 1 above, you may find it best to consider what happens to each population
when there are none of the other population present.

(b) Find the equilibrium solutions analytically.

(c) Plot the direction field along with several trajectories starting in various places in the plane,
below, above, left and right of equilibrium solution(s). Adjust the window to suit the scale of the
equilibrium solutions and use a small step size.

(d) Analyze the signs of dx
dt and dy

dt to determine the direction the trajectories follow in different
sections of the plane split according to the equilibrium values, e.g., with x and y both less than
respective equilibrium values, with one less than equilibrium and one greater, and finally, with
both larger than equilibrium. Add the correct directions to the trajectories in the direction field
(above).

(e) Explain what happens in the long run when x and y start out in each of the sections of the plane
determined by the equilibrium values: with x and y both less than respective equilibrium values,
with one less than equilibrium and one greater, and finally, with both larger than equilibrium.

(f) Are any of the equilibrium solutions stable?

3. Repeat the analysis in item 2 for the system below.

dx

dt
= 2xy − 3x− 0.06x2

dy

dt
= 2y − xy − 0.04y2


